Four diabatic states are used to construct a simple model for double proton transfer in hydrogen bonded complexes. Key parameters in the model are the proton donor-acceptor separation R and the ratio, D 1 /D 2 , between the proton affinity of a donor with one and two protons. Depending on the values of these two parameters the model describes four qualitatively different ground state potential energy surfaces, having zero, one, two, or four saddle points. In the limit D 2 = D 1 the model reduces to two decoupled hydrogen bonds.
I. INTRODUCTION
A basic but important question in physical chemistry concerns a chemical reaction that involves two steps: A to B to C. Do the steps occur sequentially or simultaneously, i.e., in a concerted/synchronous manner? Two examples of particular interest are coupled electron-proton transfer [1] and double proton transfer. The latter occurs in a diverse range of molecular systems involving double hydrogen bonds, including porphycenes [2] [3] [4] , dimers of carboxylic acids, and DNA base pairs. For the case of double proton transfer in the excited state of the 7-azaindole dimer [a model for a DNA base pair] there has been some controversy about whether the process is concerted or sequential. Kwon and Zewail [5] argue that the weight of the evidence is for sequential transfer. Based on potential energy surfaces from a simple analytical model for two coupled hydrogen bonds [6] and from computational quantum chemistry [at the level of Density Functional Theory (DFT) based approximations] [7] it has been proposed that there can be three qualitatively different potential energy surfaces, depending on the strength of the coupling of the motion of the two protons: (a) One transition state and two minima, as in the formic acid dimer; (b) Two equivalent transition states, one maxima and two minima, as in the 4-bromopyrazole dimer; and (c) Four transition states, one maxima and four minima, as in porphine.
In this paper a simple model for double proton transfer based on four diabatic states is introduced. The key parameters in the model are the spatial separation R of the atoms between which the protons are transferred and the ratio, D 1 /D 2 , between the proton affinity of a donor with one and two protons. Depending on the value of these two parameters the ground state potential energy surface has zero, one, two, or four saddle points.
II. A SIMPLE MODEL FOR GROUND STATE POTENTIAL ENERGY SURFACES
The four-state model proposed here builds on recent work concerning single hydrogen bonds and single proton transfer [8] . A two diabatic state model with a simple parameterisation gives a ground state potential energy surface that can describe a wide range of experimental data (bond lengths, stretching and bending vibrational frequencies, and isotope effects) for a diverse set of molecular complexes, particularly when quantum nuclear motion is taken into account [9] . Figure 1 . Definition of the key distances for a symmetrical system with two hydrogen bonds. R is the distance between the donor and acceptor atoms involved in proton transfer. r 1 is the length of the upper X-H bond on the left molecule. The length of the lower X-H bond on the right molecule is r 2 .
A. Reduced Hilbert space for the effective Hamiltonian
Diabatic states [10] [11] [12] [13] (including valence bond states) are a powerful tool for developing chemical concepts [14] , including understanding and describing conical intersections [15] , and going beyond the Born-Oppenheimer approximation [16] . Previously it has been proposed that hydrogen bonding and hydrogen transfer reactions can be described by Empirical Valence Bond models [17] where the diabatic states are valence bond states. In the model considered here, the reduced Hilbert space has a basis consisting of the four diabatic states shown in Figure 2 . Each represents a product state of the electronic states of the left unit and the right unit, i.e, the state that would be an eigenstate as the distance R → ∞. The difference between the two states |A >, |B > and the two states |L >, |R > is transfer of a single proton. Each of the diabatic states involves X-H bonds; they have both covalent and ionic contributions, the relative weight of which depends on the length of the X-H bond. A Morse potential is used to describe the energy of each of these bonds and thus the energy of the diabatic states (see below).
In this paper I focus solely on the symmetric case where the donor and acceptor are symmet- rical, i.e., the states |A > and |B > are degenerate with each other at their respective equilibrium bond lengths, as are the two states |L > and |R >.
B. Effective Hamiltonian
The Hamiltonian for the four diabatic states has matrix elements that depend on the X-H bond lengths, r 1 and r 2 , and the donor-acceptor separation R (compare Figure 1 ). For simplicity, I
assume the hydrogen bonds are linear. It is straightforward to also take into account non-linear bonds [8] . The Morse potential describes the energy of a single X-H bond. The two cases j = 1, 2 denote the presence of one or two X-H bonds, respectively, within the left and right molecules shown in Figure 2 . The Morse potential is
where D j is the binding energy, r 0j is the equilibrium bond length, and a j is the decay constant. The effective Hamiltonian describing the four interacting diabatic states is taken to have the
where the basis for the four-dimensional Hilbert space is taken in the order |L >, |R >, |A >, and |B >. The diabatic states that differ by one proton in number are coupled via the matrix element ∆(R). The coupling between states that differ by two protons is assumed to be negligibly small.
C. Parameterisation of the diabatic coupling ∆(R)
The matrix element associated with proton transfer is assumed to have the simple form [8]
and b defines the decay rate of the matrix element with increasing R. R 1 is a reference distance defined as R 1 ≡ 2r 0 + 1/a 2.37Å. This distance is introduced so that the scale ∆ 1 is an energy scale that is physically relevant. There will be some variation in the parameters Class I. There is a single minimum and no local maxima on the surface. The two protons will be completely delocalised between the four different binding sites.
Class II. There are two local minima and a single saddle point equidistant between them. Double proton transfer will occur by the concerted mechanism. Both the minimum energy path (for activated transfer at high temperatures) and the instanton path associated with quantum tunneling (at low temperatures) is along the diagonal direction r 1 = r 2 .
Class III. There are two local minima and a single maxima equidistant between them, and two saddle points (transition states) on opposite sides of the maxima. Activated transfer will occur via either of the saddle points and thus can be described as a compromise between concerted and sequential transfer. Depending on the details there may be a single linear instanton path (concerted tunneling) or two non-linear paths on either side of the potential maximum (partially concerted tunneling) [18] .
Class VI. There are four local minima and a single maxima equidistant between them, and four saddle points (transition states). Activated transfer will occur via sequential transfer. The minimum energy path may involve a significant energy plateau [a structureless transition state] as found in some previous computational chemistry calculations for pyrazole-guanidine [19] .
Classes I, II, and III can be distinguished by examining the local curvature of the PES at the symmetric point r 1 = r 2 = R/2. In particular
is positive for class I and negative for all the others. The curvature in the perpendicular direction
is positive for classes I and II and negative for classes III and IV. transition from class IV to III to II to I.
Catastrophe theory has been used to describe the qualitative changes in energy landscapes that occur with variation of a system parameter [20] . Examining the plots shown in Figure 3 , suggests that the cusp catastrophe describes transitions between classes I and II and between II and III. The transition between III and IV is described by two simultaneous fold catastrophes.
If the extrema are isolated the relative number of minima (N min ), maxima (N max ), and saddle points (N s ) on the potential energy surface is constrained by the relation how global constraints such as equation (6) follow from differential topology. Mezey considered lower and upper bounds for N min , N max , and N s , based on the Morse inequalities [22, 23] . Pick considered the corresponding equation [which has zero on the right hand side] for absorbates on periodic substrates [24] .
A study of a simple model two-dimensional potential for double proton transfer [18] also produced a phase diagram as a function of the model parameters and considered bifurcation of the instanton tunneling paths. However, it has been argued that the model potential used there does not respect some of the symmetries of the problem [6] .
E. Co-operativity of hydrogen bonds
The ground state energy of the double H-bond system can be compared to that of two decoupled H-bonds where D 1 is the binding energy of an isolated X-H bond. The energy of a single H-bond for the corresponding two-diabatic state model [8] is
and the ground state energy of the two decoupled H-bonds is
It turns out that for D 2 = D 1 the ground state energy of the Hamiltonian (2) is given by an identical expression. Thus, we see that it is differences between the single and double proton affinities that For single hydrogen bonds, with symmetric donor and acceptor, empirical correlations between R and a range of observables such as bond lengths, vibrational frequencies, NMR chemical shifts, and geometric isotope effects are observed [8, 9, 30] . Our model suggests that for systems with double hydrogen bonds such correlations will only occur for systems with identical values of the parameter D 2 /D 1 . For carboxylic acid dimers it was found that R coud be varied systematically by enclosing them in a molecular capsule [31] . Families of porphycenes [3] may also be appropriate systems to investigate such correlations.
An important task is to determine in which of the four classes specific molecular systems belong. The formic acid dimer is the simplest dimer of carboxylic acids. A tunnel splitting of 2.86 × 10
for the C=O stretch mode has been observed at low temperatures [32] and identified with a tunneling path associated with concerted transfer. A transition from class II to III with increasing R was observed in quantum chemistry calculations for the formic acid dimer. Shida et al. [33] found a transition from one to two saddle points when R 2.7Å. Smedarchina et al. [7] found a transition for R = 2.56Å. In the simple model considered hear the transition occurs for R 2.4Å. The experimental value for the equilibrium bond length is R = 2.696Å from electron diffraction, compared to the value of R = 2.72Å based on DFT calculations [7] suggesting that formic acid is in class III.
An interesting question is whether there are any compounds that fall in class I, i.e., with completely delocalised protons. For N-H· · · H bonds this will require R < 2.35Å, which is fairly unlikely. However, the quantum zero-point motion of the protons may lead to delocalisation at larger distances, R 2.5Å, provided that the energy barrier is less than the zero-point vibrational energy [9] .
IV. CONCLUSIONS
A simple model has been introduced that can describe four different classes of potential energy surfaces for double proton transfer in symmetric hydrogen-bonded complexes, such as porphycenes and carboxylic acid dimers. The model is based on a chemically and physically transparent effective Hamiltonian involving four diabatic states. The number of saddle points on the ground state potential energy surface is determined by the value of two different parameters: R, the distance between the donor and acceptor atoms for proton transfer, and D 2 /D 1 , the ratio of the proton affinity of a donor with two and one protons attached. Double proton transfer will occur via a concerted, partially concerted, or sequential mechanism depending on the class of potential energy surface involved.
